ABSTRACT Let k ≥ 2 be an integer, and define
I. INTRODUCTION
Cryptographically strong Boolean functions play an imperative role in the design of almost every modern symmetric cipher. Boolean functions used in some cryptosystems should satisfy various cryptographic properties to resist many attacks, mainly including balancedness, large algebraic degree and high nonlinearity. In 2003, Courtois and Meier [1] successfully proposed algebraic attacks on several stream ciphers. As a result, a new criterion called algebraic immunity was imposed on cryptographic Boolean functions. Since then, several classes of Boolean functions with optimal algebraic immunity have been investigated and constructed [2] - [6] . However, the nonlinearities of most such functions are not high enough to resist fast correlation attacks. In 2008, Carlet and Feng [7] proposed an infinite class of balanced Boolean functions with optimal algebraic immunity, of which the algebraic degree is optimal and nonlinearity is the highest at that time. Hence, such functions are the first class closely satisfying practical requirements.
In 2011, Tu and Deng [8] came up with a conjecture which is presented in Conjecture 1. They validated the conjecture by computer for k ≤ 29. Based on this conjecture, they constructed a class of Boolean functions with optimal algebraic immunity which belong to the class PS − , and they modified it to be balanced. However, the proof of the conjecture still remains unaccomplished up to now.
In this paper, for any integer x, x m denotes the least nonnegative residue of x modulo m. That is x ≡ x m (mod m), 0 ≤ x m ≤ m − 1. In this paper, let x := x 2 k −1 . On the other hand, we may write x = k−1 i=0 x i 2 i , where x i ∈ {0, 1}. The Hamming weight of x, denoted by w(x), is defined as
Many scholars made some great efforts in investigating and proving the conjecture [9] - [13] . In 2011, Cusick et al. [10] proved the correction of Tu-Deng conjecture when w(t) = 1, 2; t = 2 k − t , w(t ) ≤ 2 and t is even; t = 2 k − t , w(t ) ≤ 4 and t is odd. In 2012, Huang et al. [11] presented a paper which proved the Tu-Deng conjecture in the case of w(t) = 3 as well as the case of w(t) = k − 3. In 2015, Cheng et al. [12] gave a proof of the conjecture in case of w(t) = 4. This paper investigates the conjecture continuously. After analyzing the binary characteristics of t, we put forward some general properties about the conjecture in case w(t) = 5. By those properties as well as some needed results calculated with computer, we obtain the upper bound of cardinality of S t in case w(t) = 5. The reminder of the paper is organized as follows. Section II introduces some notations and existing results. Section III explores the upper bound of |S t | in the case w(t) = 5. Section IV concludes this paper.
II. PRELIMINARIES
In this section, we review a definition and some lemmas.
Definition 1 [12] 
Lemma 1 [12] : Let r be an integer with
Lemma 2 [12] : Let a, b be integers with
Lemma 3 [12]: Let a be an integer with
Lemma 4 [12] : Let i, t, k be positive integers and
III. MAIN RESULTS
In what follows, let 0 ≤ r ≤ k − 1. Define
Hence the desired consequence is obtained immediately because of the following two facts:
For any integer r with 6 ≤ r ≤ k − 1,
holds obviously. By Lemma 5 and Lemma 1, |D
Proof: According to Lemma 6, we just need to prove that |D t (r)| = |D t (r)| for each r with 0 ≤ r ≤ k − 1. It is obvious that
where M ∈ {m, m + 1}. This implies that
i) r = 0, then a 0 = 1 by Definition 1. By Lemma 5, we need to prove there exists equal number of a's satisfying
for M ∈ {m, m + 1}. Actually, for each different combination of 
With the three situations discussed above, |S t | = |S t | is proved.
By Lemma 8 and similar proof, we have the following important lemma.
Lemma 9: Let k ≥ 19, integer ≥ 0,
Proof: For any (a, b) ∈ M r , by Lemma 5 we know ( 2 m a + 2 l + 2 j 
That is,
Then we deal with the right part of the equation. For convenience, suppose t = 2 m + 2 l + 2 j + 2 i + 1 with 1 ≤ i < j < l < m ≤ k − 6. The 2-adic expression of t is in formula (3) .
If m−l ≥ 6, move (m−l−6) of 0's from that between 1 m and 1 l to the left side of the 2-adic expression of t. If l − j, j − i or i − 0 is larger than 6, move the 0's similarly. Suppose t becomes t after the moving. According to Lemma 9, we have From above all, Theorem 1 is proved.
Finally, we deduce the following corollary immediately by Theorem 1.
Corollary 1: Conjecture 1 holds for any positive integer t with w(t) = 5.
IV. CONCLUSION
Boolean functions constructed based on Tu-Deng conjecture perform very well in some cryptographic properties. It is a quite meaningful task to complete the proof of the conjecture. With the help of computer, we calculate all kinds of results we need. From the results, we get the upper bound for cardinality of S t when w(t) = 5, which indicates that Tu-Deng conjecture is correct under the condition w(t) = 5. VOLUME 7, 2019 
